Attenuation measurements can be derived from the decay of backscattered signal with depth in an inhomogeneous material. In cases such as liver tissue, where many small inhomogeneities are likely to be included in sample volumes defined by pulse and beam widths, Rayleigh statistics describe the random nature of the magnitude of backscattered pressure. The statistics of speckle underlie the uncertainties in estimates of attenuation at discrete frequencies, and of the magnitude and frequency dependence of attenuation over a bandwidth. This paper derives expressions for the standard deviations of attenuation magnitude and frequency dependence in terms of parameters such as the dimensions of the region of interest, and the bandwidth of the ultrasonic system. Practical examples are given using published data, and comparisons to other techniques which measure "attenuation slope" are made. The analysis yields insights into trade-offs among variables such as the dimensions and shape of regions of interest, and the segmenting of data in time and frequency domain.
Nonetheless, many time domain and frequency domain strategies exist for attenuation measurements derived from backscattered echoes, 8 and various sources of error complicate the estimation process. 3'9'1ø This paper considers only one measurement technique and one source of "error." Specifically, we consider the measurement of the absolute (or true) magnitude of attenuation at independent, discrete frequencies using the decay of ensemble averaged backscattered pressure versus depth. This technique is different from the widely considered class of"attenuation slope" measurements, 5'8 and has the advantages of enabling measurement of the magnitude and frequency dependence of attenuation within a medium, without recourse to a priori assumptions concerning the material's frequency dependence of attenuation, the spectral shape of a propagating pulse, and others required for some "attenuation slope" strategies. The source of uncertainty in attenuation estimates considered in this analysis is the underlying random inhomogeneous nature of tissue which results in speckle pattern images. Since the attenuation measurements are based on backscattered echoes, the statistics of speckle directly influence the statistics of, or uncertainty in, the estimation of attenuation. Thus our analysis begins with first-order speckle statistics and we ignore other possible sources of error such as uncompensated beam diffraction effects, quantization errors, and others which may introduce bias or uncertainty. 8-• The theory is developed from a simple model of weak scattering from randomly positioned inhomogeneities, and results are compared with measurements of speckle statistics and attenuation results from human livers. 4
An important practical question to be addressed is the minimum volume of tissue required to obtain accurate estimates of the magnitude and frequency dependence of attenuation. This determines possibilities for quantitative tissue characterization in small organs, and the feasibility of true attenuation images with useful resolution.
I. THEORY
In many tissues and phantoms, many small random inhomogeneities (reflectors) are likely to be included in sample volumes interrogated by an ultrasonic pulse, and the backscattered pressure envelope is found to fluctuate in a manner described by Rayleigh statistics. 12-]4 On B-scan images, this random process results in the speckle patterns commonly seen in tissues such as the liver, and this variability is the root of estimation uncertainties in attenuation measurements.
To demonstrate why the Rayleigh statistics might be observed, we begin with a simple expression for the complex cw backscattered pressure Pbs measured at a point located distance r from a sample volume in a nonattenuating medium with small inhomogeneities.
Designating ko as the average material wavenumber and y(r') as the zero-mean fluctuations in impedance as a function of position r' within the sample .volume, it can be shown 3']5 that as a farfield approximation pbs(r) A f• =• e r'y(r')dv',
/. , where A is a complex factor dependent on frequency, medium density, and amplitude of the incident wave; v' represents the sample volume of integration; and n is a unit vector pointing in the direction of the incident sound propagation. A simple argument shows that the magnitude of backscattered pressure, LPb, l, is Rayleigh distributed. Within the sample volume v', let the inhomogeneities be K uncorrelated point discontinuities in acoustic impedance. Then, K r(r') = • Z,,•(r' -r, ), 
and the pdf peak occurs at Po = a. In the backscatter case, the governing parameter a is related to the strength Zi of the inhomogeneities, and is therefore proportional to the square root of the backscatter coefficient of the material, a quantity itself useful in tissue characterization. A convenient property of the Rayleigh distribution is that the signal-to-noise ratio is independent of the parameter a'
-( ,r/2 P = '2--•/2! --1.91.
This constant of proportionality is the root of the uncertainties in attenuation estimates, as will be shown below. 
Pbs ( 
noise-to-signal log expansion, enabling continued use of analysis based on normally distributed variables. Furthermore, the last expression shows that the variability in backscattered pressure, originally proportional to the mean backscattered pressure, is transformed to a constant in the log variable domain. This concept is illustrated in Fig. 1 
which shows that the expected variability or error in attenuation measurement is a constant which depends on the number aa•d spacing of the sample volumes, not on the material backscatter coefficient (the mean value a of the Rayleigh statistics) or the magnitude of attenuation. Thus the fractional error in attenuation tra/a decreases with increasing frequency, as shown in Fig. 1 (c) . When the value of attenuation is measured at Findependent discrete frequencies separated by Af MHz increments, then the frequency dependence of attenuation may be determined. Using a power law assumption, the attenuation estimates a (f) may be fit:
where ao and n characterize the magnitude of attenuation (at 1 MHz given fin MHz) and the frequency dependence, respectively. Again, a log transformation can be employed to derive a least-square error fit: 
The standard deviation of y' is equal to the fractional error of the attenuation estimate and is not constant over any finite bandwidth, nor is it simply proportional to the expected value of the data. However, simplified expressions which can be generalized in closed form can only be written for the First, the uncertainty in estimating attenuation given by Eq. (23) has the intuitively reasonable result: The variability is proportional to a constant which is directly related to the underlying speckle statistics, and can be reduced as a function of the number M and spacing of AX independent sample volumes along the axis of insonation, and also the number N of independent scan lines which are averaged. The difference in powers ofNand M demonstrate the relative importance of data along the axis of insonation. Put another way, Eq. (23) demonstrates that estimates of attenuation from isovolumetric regions will not, in general, yield equal results. In Fig.  3 (a) and (b) , two regions are shown with equal volume, v = (MAx)(NAy)(Az), where Az is assumed to be on the order of a beamwidth, and Ay a half beamwidth, the minimum distance required to ensure independent scan lines. 12,13
In Fig. 3(a),M= 10andN = 5, butin Fig. 3(b In deriving the magnitude and frequency dependence of attenuation over a bandwidth, the standard deviations in ao and n were linked directly to the uncertainty in attenuation at any individual frequency •ra. Also, the standard deviation Taking the log transform of these points, and applying the small error approximation to separate error terms from the log variables, the slope b and intercept a can be obtained for The power law estimates tend to fall on the locus of (ao, n) points which yield a constant value of attenuation at 2.5 MHz, the center frequency of the system used to collect data.
